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Finite Difference Scheme for Automatic Costate Calculation

Hans Seywald* and Renjith R. Kumar'
Analytical Mechanics Associates, Inc., Hampton, Virginia 23665

A method for the automatic calculation of costates using only results obtained from direct optimization tech-
niques is presented. The approach is based on finite differences and exploits the relation between the costates and
certain sensitivities of the cost function. The complete theory for treating free, control constrained, interior-point
constrained, and state constrained optimal control problems is presented. An important advantage of the method
presented here is that it does not require a priori identification of the optimal switching structure. As a numerical
example, a state constrained version of the Brachistochrone problem is solved, and the results are compared to the
optimal solution obtained from Pontryagin’s minimum principle. The agreement is found to be excellent.

I. Introduction

HE methods of solution for optimal control problems are

divided into two major classes, namely, the direct methods
and the indirect methods. The indirect methods are based on
Pontryagin’s minimum principle! ~ and require the numerical so-
lution of multipoint boundary value problems (MPBVPs).5~% The
advantages of these methods lie in their fast convergence in the
neighborhood of the optimal solution, even if the cost gradients
are very shallow. Furthermore, the optimal solutions are obtained
with extremely high precision, and subtle properties of the optimal
solution can be clearly identified. On the other hand, indirect opti-
mization techniques usually require excellent initial guesses before
convergence can be achieved at all. This requirement is especially
restrictive as these methods involve Lagrange multipliers whose
physical meaning is nonintuitive and provides little help for gener-
ating reasonable initial guesses on an ad hoc basis. Furthermore, the
switching structure, that is, the sequence in which different control
logics become active along the optimal solution, has to be guessed
in advance.

Direct optimization techniques rely on restricting the infinite di-
mensional space of admissible candidate trajectories to a finite di-
mensional subspace of the original function space.” The optimal
solution within this subspace is then determined by directly op-
timizing the cost criterion through nonlinear programming.!® The
convergence radius of such methods is usually much larger than
that of indirect methods. Furthermore, initial guesses have to be
provided only for physically intuitive quantities, such as states and,
possibly, controls. Finally, the switching structure of the optimal
solution need not be guessed at all.

In an attempt to get the best of both worlds, the present paper
introduces the theoretical background for a finite difference based
scheme to approximately calculate the costates associated with op-
timal control problems. Most of the results presented here are well
known and documented, for example, in Bryson and Ho.? But the
derivation given here and some results obtained for constrained opti-
mal control problems provide additional insights and open the door
for numerical applications.

Numerically, the methods presented here require the calculation
of approximate optimal trajectories subject to the reference bound-
ary conditions and subject to certain perturbed boundary conditions.
There are no restrictions or special requirements on the method used
to generate the suboptimal solutions, so that the methods presented
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in this paper can be basically paired with any existing direct opti-
mization scheme.

As a numerical example, a state constrained version of the
Brachistochrone problem? is treated, and the results are compared to
the optimal solution obtained from Pontryagin’s minimum principle.

Other methods for automatic costate calculation are discussed,
for example, in Refs. 12-14. In Ref. 12 the final costate val-
ues associated with the prescribed boundary conditions are inte-
grated backwards along the frozen solution obtained through di-
rect optimization. This approach requires the explicit implementa-
tion of the costate dynamics. In Ref. 13 a best match discretized
costate function of time associated with the frozen trajectory ob-
tained through direct optimization is obtained by minimizing a
least squares error comprising the transversality conditions and dis-
cretized costate dynamics. The linearity of the costate dynamics
and the transversality conditions makes this method noniterative. In
Ref. 14 arelation between the discrete NLP multipliers and the time-
varying Lagrange multipliers is derived and exploited for automatic
costate calculation.

II. Unconstrained Optimal Control Problems
A. Problem Formulation
Let us consider the following optimal control problem stated in
Mayer form:

sedin 0 Tl = lxtp). 1] ()
subject to the conditions

i) = fle(), u(®)] @

6Lx (1), o] = 0 ®)

YIx(ty), 1] =0 @

Here, t € R, x(¢t) € R", and u(t) € R™ are time, state vec-
tor, and control vector, respectively. The functions, ¢: R"*! — R,
fiR™™ — R, 0: R"™*' — R®%, sy <n+1,and ¥: R™! — R*s,
s¢ < n,are assumed to be sufficiently smooth with respect to their ar-
guments of whatever order is required in this paper. (PW C[ty, t;1)™
denotes the set of all piecewise continuous functions defined on the
interval [fy, t£] into R™. Conditions (2-4) represent the differential
equations of the underlying dynamical system, the initial conditions,
and the final conditions, respectively.

Note that no control constraints, interior-point constraints, or state
constraints are considered in problem (1-4). Such complicating fea-
tures are introduced in Secs. III, IV, and V, respectively.

B. Minimum Principle

Let us assume that a solution to problem (1-4) exists. Then, un-
der certain normality and regularity conditions,' it can be shown
that there are constant multiplier vectors 8 € R, v € R*/, and a
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time-varying multiplier vector A(t) € R" which is nonzero for all
times ¢ € [ty, t¢] such that

., 8H
AT = Py )]
r_ g 06
At)" = —B x ) (6)
r_ 09 r 0y
M = Y Ry @
30
Hlx(ty), Aty), ulty)] = ,378—[0 ®)
__ 0o ¥
Hx(ty), Mts), u(te)l = 5, v 51, )
where
H(x, &, u):=AT f(x,w) (10)

denotes the Hamiltonian. At each instant of time the optimal control
u* satisfies the Pontryagin minimum principle

u* = arg min H(x, A, u) an
ueRm

By virtue of the assumed smoothness of f(x, ) Eq. (11) implies

oH =0 12)
ou u*_
8%H
afv Su>0 VéueR” (13)
dus | ,

C. Augmented Cost Function

In optimal control it is a standard procedure to construct an aug-
mented cost function by linking expressions to the original cost
function that have to be zero along the optimal solution.? Neces-
sary conditions for optimality are then obtained from the condition
that the first variation of the augmented cost function be equal zero.
This step is justified by a generalized multiplier theorem, which
is, loosely speaking, an infinite dimensional version of the Kuhn—
Tucker conditions.”

In the sections to follow, we will derive expressions for the sensi-
tivity of the cost function with respect to perturbations in the initial
time and the initial states. To obtain expressions for these sensitiv-
ities in terms of the costates associated with the optimal reference
solution, we formally repeat the analysis of augmenting the cost
function and expanding it about the reference solution, as is usu-
ally done to derive the first-order necessary conditions of optimal
control. We consider, however, the Lagrange multipliers as a pri-
ori fixed and equal to the multipliers associated with the optimal
solution. This approach leads to expressions for the sensitivities of
the augmented cost function in terms of the Lagrange multipliers.
An approximate numerical calculation of these sensitivities through
finite differences is then based on the observation that all penalty
terms in the augmented cost function are zero along the numerically
generated reference solution, i.e., that the Lagrange multipliers can
be expressed in terms of sensitivities of the original cost function.

D. Relation Between the Lagrange Multipliers A ()
and Cost Sensitivities
Let us define the following augmented cost function:

J= dlx(ts), 1) + V*T‘/f[x(l’f)s tr]

ry
+/ TS (e, u) — %1} de (14)

Note that the term 87 8{x (%)), f3] has not been included. Here and in
the following, the superscript asterisk denotes quantities associated
with the optimal solution to problem (1-4), also called the reference
solution. Furthermore, let superscript p denote quantities associated

with optimal solutions to problem (1), (2), and (4) with initial condi-
tions prescribing the states and the time at values slightly perturbed
with respect to the values obtained for the reference solution. If we
consider such perturbations parameterized by, say, a scalar €, and ex-
pand quantities associated with the perturbed solution into a Taylor
series about € = 0, e.g., uP (¢, €) = u*(t) + ¢ - sut) + O, with

_dul(t,€)

Sul(t) i

then the first-order terms satisfy

Su(t) = uP (1) — u*(t) + O, Sx (1) = xP(t) — x* (1) + O?

dty =t —if + O7, diy =1f — 13+ O° (15)

dX()ng—x(T+O2, dxfzx}’—x;+(’)2

and are called (first) variations. Here and in the following, O stands
for terms of order € and higher. The first variation of the augmented
cost function J defined in Eq. (14) satisfiesdJ = J? —J* + O? and
can be written in the form

dJ = (¢ + v ) dxs + (@ +07), diy

1y
+ / [Hedx + H,8u — 2783 ] dt (16)
)

All states, costates, and controls on the right-hand side of Eq. (16)
are evaluated along the optimal solution to problem (1-4) and the
superscript asterisks are dropped for convenience. Using

b b
f -,\Taxdtz_mx|';+f AT 8x dt
a a
b
= _dex|2+ATxdz|’;+/ Asxde + O?
o

b
= —AdeIZ+Hdt|Z+f ATéxdr + 0% (17)

to eliminate the 8x-term yields, after rearranging and dropping the
O? terms

dJ = A(t0)"dxg — Hlyy dty + [(@ + "), — A(t)7 ] dxs

+[(@+v"y) + HI, | diy

143 .
+ / (H, +A7)8x + (H,)dud: (18)
fo

By virtue of Egs. (5), (7), (9), and (12), the coefficients of dx , dt,
and all terms under the integral in Eq. (18) vanish, and we arrive at

dJ = a(t)" dxo — H|,, dty (19)

It is clear that the value of the augmented cost function (14) is
equal to the value of the original cost function (1) as long as the state
equations (2) and the terminal conditions (4) are satisfied. Hence,
if the perturbed quantities x”(¢), u” (), represent a solution to the
dynamical system (2) and the boundary conditions (4), the right-
hand side of Eq. (19) provides an expression for the sensitivity of
the original cost function (1) with respect to perturbations in the
initial time and the initial states, i.e.,

dJ = ()T dxy — Hl, dty (20)

Note that the symbols A, #,, and H denote quantities associated
with the optimal reference solution, and the superscript asterisks
are dropped only for convenience.

In the following sections we will show how Eq. (20) can be used
to approximately determine the unknown Lagrange multipliers A (¢))
if only a method is available to generate reasonably precise approx-
imations to the reference solution and to the perturbed solutions,
respectively. Note that the left-hand side of Eq. (20) can be approx-
imated by J? — J, if only the perturbations used to generate J# are
sufficiently small.
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E. Numerical Calculation of A(¢))

We first present a method for generating a family of perturbed
solutions, each one of which can be used to calculate the left-hand
side of Eq. (20) numerically through finite differences. The quantity
n + 1 such perturbed solutions (r is the dimension of the state
vector x) can be obtained by resolving the optimal control problem
(1-4) with the initial conditions (3) deleted and replaced by n + 1
explicit conditions on the initial time £, and the initial state x;.
Explicitly, let the ith perturbed solution, denoted by superscript i,
be obtained by solving problem (1), (2), and (4), subject to the initial
conditions

x"(t{',) = x*(t(’,‘) + Ax)) an
=1+ AL

Here, the jth component (Ax}); of the n-dimensional perturbation
vector Ax; is given by

(Ax(",)j=6"3i,j, j=1,...,n (22)

and the perturbation in initial time is given by

At(i) =€'8ini1 (23)
Here, the ¢/,i =1, ..., n+ 1, are user chosen small nonzero quan-
tities and §; ; denotes the Kronecker symbol defined by
s 1 if i=j 24)
“ o it i#j

For each of the n + 1 pairs consisting of one of the perturbed solu-
tions and the reference solution, the left-hand side of Eq. (20) is eval-
uated approximately through finite differences. Through Eq. (20),
this yields n + 1 conditions in the n + 1 unknowns A(%) € R" and
Hl;, € R. Concisely, these conditions can be written in the form

DJT =GT.pT (25)
where
DJT =[dJ',...,dJ""] 26)

denotes the vector of the numerically calculated variations in the
cost function,

G" = [Tl —Hly| @7

*

is the vector of unknowns (again, note that the symbols A, #, and
H denote quantities associated with the optimal reference solution,
and that the superscript asterisks are dropped only for convenience),

and
dxl . dxn+1
T _ 0 0
Pr= [dt(} c Ayt @8)

isan (n+ 1) x (r + 1) matrix whose ith column consists of the per-
turbations in initial states and time associated with the ith perturbed
solution.

If the perturbation matrix (28) is nonsingular then Eq. (25) can
be solved for G and we obtain

G=P'.DJ 29)

For the perturbations (22) and (23) P takes the form of a diagonal
matrix with the nonzero displacements ¢; as the diagonal elements,
so that P is guaranteed to be nonsingular.

F. Numerical Calculation of A(t) for £ > ¢}
The ideas presented in Secs. I1.D and ILE to calculate A*(z;)
can be easily extended to the calculation of A*(#,) for any time ¢

with i7 < 1, < t7. Loosely speaking, we consider ¢, as the new
initial time. Explicitly, a new reference solution, again denoted by
superscript asterisk, is defined by restricting the original reference
solution to the time domain [¢;, t}], and n + 1 perturbed solutions
are obtained by solving problem (1), (2), and (4), subject to the
initial conditions
x! (t(',)A =x'(0) + Ax] 30
1=1+ At
In complete analogy to the preceding section, this leads to the re-
lation (29), however, with G defined in Eq. (27) evaluated at ¢,
rather than at £5, and with P defined in Eq. (28) consisting of the
perturbations dx;, dz, rather than dx,, d#.

A numerically inexpensive way of generating perturbed solutions
for initial time ¢; > ] is to reuse the perturbed solutions generated
for initial time ¢ and to restrict these solutions to the time interval
[t + Aty t7]. The restricted trajectories can be considered solutions
to problem (1), (2), and (4), with the initial conditions (30) for
appropriately chosen Ax{ and At}. These perturbations are dictated
now by the natural evolution of the respective perturbed solutions
obtained for the time interval [#;, 11]. The associated matrix P is
guaranteed to be analytically nonsingular as long as the reference
solution satisfies the no-conjugate-point condition on the interval
{4, t;] (Refs. 2 and 15). However, the condition number of matrix
P can still become so large that P becomes numerically singular.
In this case new perturbation trajectories have to be calculated on
the basis of Eq. (30) for hand-picked perturbations Ax!, At in the
style of Sec. ILE.

G. Calculation of A(fy)

The calculation of A(¢) as described in the preceding two sections
becomes increasingly difficult as ¢ approaches ¢;. Equation (29)
used for calculating A(t) is based, loosely speaking, on lineariz-
ing the augmented cost function (14) about the asterisk-indicated
reference solution. Numerically, the approach relies on applying
sufficiently small perturbations on the reference solution such that
the dependence of all changes on the magnitude of the perturbations
€' introduced in Egs. (22) and (23) is close to linear. To achieve good
performance, the size of the perturbations has to be reduced as ¢ ap-
proaches ¢, and, at ¢t = t; the method based on Eq. (29) breaks
down altogether.

To calculate the costates at t = ¢, we can resort to Eq. (7), if only
the constant multiplier vector » € R*/ is known. The method for
calculating v is only described briefly, here. A similar method for
calculating the multipliers associated with interior-point constraints
is treated in more detail in Sec. V.D.

To calculate the multiplier vector v associated with problem
(1—4) the original state vector x is first augmented by an s4-
dimensional state vector g through the dummy equations a = 0
and a(ty) = 0. Then the boundary conditions (4) are changed to
Ylx(ts), t;] —a(ty) = 0. It can be verified easily that the solution
to this augmented optimal control problem is identical to the solu-
tion of the original problem (1—4) [identical in x(¢), A(t), u(¢), to,
tr, B,and v]. Furthermore, it can be verified analytically that A, (¢) is
identically constant with the value A,(f) = —v. Through the meth-
ods discussed in Sec. ILE A,(f) and, hence v, can be calculated.
Then A(t;) can be determined from Eq. (7).

III. Control Constrained Problems

A. Problem Formulation and Optimality Conditions

For simplicity, let us only consider a single scalar control inequal-
ity constraint. The generalization to vector-valued constraints and
to equality constraints is then straightforward. Note that, with re-
spect to control equality constraints, control inequality constraints
have the added difficulty that the optimal switching structure is not
known in advance.

Explicitly, consider problem (1—4) subject to the constraint

clx,u,t)y<0 (31

Along subarcs of the optimal solution where control constraint (31)
is satisfied with strict inequality, the optimality conditions presented
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in Egs. (5-13) are satisfied and the solution behaves as if the con-
straint (31) were deleted. Along subarcs, say, [#;, ], throughout
which c(x, u, t) = 0, the minimum principle' > takes the form

u* = arg min H (32)

ueR” clx,u,t)=0

where H denotes the Hamiltonian defined in Eq. (10). Then, at each
instant of time along the time interval [#, ,], the Kuhn-Tucker
=0 33)

conditions
dH n ac
ou K’ du /|,

clx,u, ) =0 (34)
AT 3’H n 3%
“ du? M{)Lﬂ .

3
forall  AweR"  with <
du

Au>0

Au=0 (35)

u*

yield the values of the optimal control #* and the scalar multiplier
, and the evolution of the Lagrange multipliers A is governed by
oH ac

A=

x 36
ax  Pox (36)

At both switching times, ¢, and #,, the Lagrange multipliers A and
the Hamiltonian H are continuous.

B. Relation Between the Lagrange Multipliers A(?)
and Cost Sensitivities

Assume we have an optimal solution to problem (1—4) and (31)
with the switching structure

<0 on [to, t1)
clx,u,t){ =0 on [t1, 2] 37
<0 on (2, tf]

Consider the augmented cost function

J = ¢lxtp), ty] + v ylx(ty), tf]

i
+f TLf G, w) = 514 w7 e(x, u, 1)} de (38)
o

where v*, A*(¢), and p* (¢) denote the constant and time varying mul-
tipliers associated with the optimal solution to problem (1—4) and
(31). These quantities are fixed in the following analysis. Repeating
the analysis presented in Sec. IL.D, i.e., expanding the augmented
cost function about the asterisk indicated reference solution, and
using Eq. (17) to eliminate the §x term, we arrive at the following
expression for the first variation of the augmented cost function (38):

dJ = [(@ + v ) — 2t dxyp + [(@ + V¥, + HI,, | diy

t
+ / | [(Hy + pex +AT)8x + (H, + pc,)du] de

o

n tr
+f ~-dt+f s de A (AL = ATI-) doy

n 7]

+ (ATl - Al ) dey — (Hlg = Hi-)dn
— (Hl+ — Hl,-) dia + A" (1) dxg — Hly, dt 39
2 2

Note that to perform the integration by parts of the 8x term it is
necessary to break the integral fr ;’ at the switching times ¢, f,.
Continuity of the integrand across these switching times can not be
assumed a priori.

By choice of A, p, and v, we find that all coefficients on the right-
hand side, except for those corresponding to dxo and d,, are zero,

and we obtain the same result as in the unconstrained case, namely,
dJ = Mio)" dxg — H|,, dty, Eq. (19). From arguments identical to
those used in Sec. IL.D, it follows that the sensitivity of the aug-
mented cost function is equal to the sensitivity of the original cost
function, i.e., dJ = A(%)7 dxy — H|,, dto, as stated in Eq. (20). By
virtue of the relation dJ = J? — J* + (O?, this result shows that the
numerical procedure for calculating costate approximations as dis-
cussed in Secs. II.E and IL.F can be applied without modifications to
control constrained problems. Tacitly, it is assumed here that solu-
tions exist to all problems with the initial states and time perturbed
as discussed in Sec. ILE. Note that this requires, as a necessary
condition, that constraint (31) depends explicitly on the control u,
i.e.,, dc/du # 0 on [t, ;). The state constrained case, where ¢ is
independent of control u, will be treated in Sec. V.

IV. Problems with Interior-Point Constraints
A. Problem Formulation and Optimality Conditions
In this section we consider problem (1—4) subject to an interior
point constraint of the general form

Nix(),n]=0 (40)

For simplicity, we assume that N is scalar. The generalization to
vector-valued constraints will be obvious.

In addition to the optimality conditions (5-13) stated for uncon-
strained problems, the interior point constraint (40) causes a discon-
tinuous jump in the Lagrange multipliers A(¢) and in the Hamiltonian
H at time ¢,. Explicitly,

M) = 2() - ot an
H|’1+ — Hl’x_ .HOM (42)

a1,

where [y is a constant multiplier that compensates for the degree of
freedom lost by enforcing the condition (40).

B. Relation Between the Lagrange Multipliers \(f)
and Cost Sensitivities
Consider the augmented cost function

J = @lx(ty), ty] + v Ty [x(ty), 1]

iy
+/ (MTLf (x,u) = X1} de + SN [x (1), 1] 43)
fo

where v*,[f, and 1*(¢) denote the constant and time varying multipli-
ers associated with the optimal solution to problem (1—4) and (40).
These quantities are not subject to change. Repeating the analysis
presented in Sec. IL.D, i.e., expanding the augmented cost function
about the reference solution, asterisk-indicated and using Eq. (17)
to eliminate the §x term, we arrive, after rearranging, at

df = [(¢ + ¥ — Mt ] dxy + [(@ + "), + HI,, | diy

]

t
+fl[(Hx+iT)8x+Hu5u]dt+/ e dt

to n

+ (Arlr1+ — ATl + loN,) dx; — (H|,1+ — Hlty —hN,) dny

+ AT (tg) dxo — Hl,, dto (44)

Note that to perform the integration by parts of the §x term, it is nec-
essary to break the integral ft '/ atthe switching time ¢,. Continuity of
the integrand across this swi?ching time can not be assumed a priori
and, in fact, is not satisfied for all quantities. By choice of A, v, and
Iy, we find that all coefficients on the right-hand side are zero except
for those corresponding to dx, and dty, and we obtain the same re-
sult as in the unconstrained case, namely, dJ = A(ty) dxo— H|,, dto,
Eq. (19). Again, from arguments identical to those used in Sec. II.D.
it follows that dJ = A(tg)" dxy — H|, dty,and dJ = J7 — J*+ O,
and the numerical procedure for calculating costate approxima-
tions as discussed in Secs. ILE and ILF can be applied without
modifications.
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Using Eq. (41), information about the height of the multiplier
jump, represented by the constant multiplier [y, can be obtained
directly from the numerical approximations of the multipliers A(¢)
just before and just after the jump. This method, however, is not very
precise and it can not always be generalized to the case of vector
valued interior-point constraints. Difficulties are encountered, for
instance, when the Jacobian 9N /dx|,, has less than full rank. A
more efficient method for calculating /, is presented in the next
section.

C. Relation Between the Multiplier Vector /y and Cost Sensitivities

In the present section it is shown that the constant multiplier [y
represents the sensitivity of the cost function with respect to the
constraint (40), in a sense to be specified. Let us consider problem
(1—4) subject to the interior point constraint

Nix(n),n]l—ag=0 (45)

where a is constant. To express the sensitivity of the optimal solu-
tion with respect to the parameter o as the sensitivity with respect
to a state initial value (the kind of case for which we have derived
results in the preceding sections) we augment the dynamical sys-
tem (2) by

a=0, a(fy) = o (46)

Then the interior-point constraint (40) can be written in the form

Nlx(t), u]l —a@) =0, a(n) =0 @47
Analytically, it is easy to verify that the costate A, () associated
with problem (1—4), (46), and (47) satisfies

—ly for t <t

48
0 for t>4H “8)

Ao(t) = {

On the other hand, problem (1—4) (46), and (47) is of the general
form of problem (1—4) and (40) discussed in Secs. IV.A and IV.B.
Hence, as shown in Secs. IV.A and IV.B, numerical approximations
for the costate A, can be obtained by applying the methods of Secs.
ILE and ILF. Through Eq. (48), this immediately provides a method
for calculating the multiplier /y. From Eq. (48) it is also clear that
Iy represents the sensitivity of the optimal cost with respect to the
prescribed value of the constraint function N[x (), #;].

V. State Constrained Problems

A. Problem Formulation and Optimality Conditions

For simplicity, let us consider only a scalar state inequality con-
straint. The generalization to vector valued state constraints is then
straightforward. A method for treating state equality constraints is
not immediately obvious but becomes clear from the subsequent
sections dealing with the costate calculation along arcs where the
state inequality constraint is active.

Hence, in this section we consider problem (1—4) subject to a
scalar state inequality constraint of the form

glx, 1) <0 49)

Assume that the optimal switching structure for problem (1—4) and
(49) is

<0 on [%, 1)
g(x,1)3 =0  on (11, 2] (50)
<0 on (82, 15]

The generalization of the following analysis to any other switching
structure is straightforward as long as the state constraint is nonac-
tive along the first arc.

Following a standard procedure for analyzing state constrained
arcs, the condition

gx,)=0 vt € [t, ], >t (51)

is divided equivalently into a set of interior point constraints and a
control constraint (on [#1, £,]), namely,

g(xat)lrl =0
dg(x,t)
de |, -
‘ (52)
d?lg(x,t
g(x, t) 0
dra—1 y
and
d7g(x,
YD _ o vierm.nl (53)

dre

Here, q is the smallest integer i for which a control u appears explic-
itly in d'g(x, r)/dt' and is called the order of the state constraint.
Define

g(x, Dy

dg(x,t)
dt Y
NLx(t), 1] = : (54)

A lg(x, 1)
dra-!

L.
and

dig(x, 1)
dee

Along subarcs of the optimal solution to problem (1—4) and (49),
where the state inequality constraint (49) is satisfied with strict in-
equality the optimality conditions presented in Egs. (5~13) are sat-
isfied and the solution behaves as if the constraint (49) were deleted.
Along the subarc [#;, #,] of the optimal solution, throughout which
g(x,1) = 0, the optimal control u(t), the multiplier (), and
the costate differential equation are determined through conditions
(33-36) with c(x, u, t) defined by Eq. (55). Note that the condi-
tion (34) only guarantees that the gth derivative of the state con-
straint (49) is equal zero. To ensure that g(x,¢) = 0 is satisfied
along the constrained arc, the conditions

clx,u,t)= (55)

N[x(#),1]1=0 (56)

have to be enforced, N[x (), 1] as in Eq. (54). Similarly to condi-
tions (41) and (42) for scalar interior point constraints, the condition
(56) causes a discontinuous jump in the Lagrange multipliers A(?)
and in the Hamiltonian H, namely,

T \T AN[x (1), 1]
AMeh) = (e 2 57
( 1 ) ( 1 ) ax(1) 57
IN{[x(t), ¢t
Hp = |-+ 2VE0). 4] (58)
1 t ay
Here, I = [, ..., l4-1]1s a g-dimensional vector of constant mul-

tipliers that compensates for the g degrees of freedom lost by en-
forcing the conditions (54). At the exit time #, of the constrained arc
the Lagrange multipliers and the Hamiltonian have to be continu-
ous, i.e.,

Mi) = (1) (59)
B. Relation Between the Lagrange Multipliers A(f) and Cost
Sensitivities Along Unconstrained Arcs

In this section we assume again that the optimal switching
structure to problem (1—4) and (49) is as shown in Eq. (50). A
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generalization to other switching structures will be straightforward
as long as the trajectory starts with an unconstrained arc.

From the equivalence of Eq. (51) and Eqgs. (52) and (53), itis clear
that an active state constraint can be considered as a combination
of an interior-point constraint and a control constraint. From the
analyses presented in Secs. Il and IV it is hence clear that we should
start our present investigation with an augmented cost function of
the form

iy
J= ¢[x<tf),zf]+v*’1/f[x<tf),tf]+/ T (f(x, u) — %)
o

+ T e(x, u, H1de + T N[x(t), 1] (61)

where v*, [*, A*(¢), and pu*(¢) denote the constant and time varying
multipliers associated with the optimal solution to problem (1—4)
and (49) and are not subject to change in the following analysis. In
complete analogy to the analyses presented in Secs. IL.D, II1.B, and
TV.B, we arrive at the following expression for the first variation of
the augmented cost function (61) (again, the superscript asterisks
are dropped for convenience):

dJ = [ + ¥ = 2] dxy + [@ + 0Ty + HI ] dry

t
+ f 1 [(He + ey + A7)8x + (H, + pe,)sul de

o

by 153
+/ --~dt+/ ---dt+(AT|,1+—AT|,1—+lTNx)dx1
4

n

+ (A1 =Tl Y dra + (H1p = HI,- +17N) dy

+ (Hl,+ - HI,—) dty + AT (ty) dxy — H|,, dty (62)
2 2

By choice of A, u, v, and /, we find that all terms on the right-hand
side are zero except for those involving dxy and dfy and we ob-
tain the same result, Eq. (19), as before in Secs. IL.D, IIL.B, and
IVB, namely, dJ = A(#)dxo — H|,, d#. Again, through argu-
ments identical to those used in Sec. IL.D, this result implies that
dJ = A(ty)T dxg — H|y dty. FromdJ = J? — J* + O?, it follows
again that the left-hand side of this equation can be approximated
by finite differences, and the numerical procedure for calculating
costate approximations as discussed in Secs. ILE and IL.F can be
applied without modifications.

As a caution it should be noted, however, that it was assumed in
the present section that the solution starts with an unconstrained arc.
In applying the numerical procedure of Sec. IL.F for the automatic
costate calculation in the interior of the optimal trajectory, this trans-
lates into the assumption that the current time at which a costate is
being calculated lies on an unconstrained arc. A generalization to
the case where the Lagrange multiplier vector is being sought at an
instant of time along a constrained arc is not quite obvious. Note
that in such a case certain state perturbations are not admissible as
they would lead to a violation in the state constraint (49). A precise
treatment of this case will be given in the subsequent sections.

C. Relation Between the Lagrange Multipliers A(¢) and Cost
Sensitivities Along Constrained Arcs

In this section we consider the case where the optimal switching
structure for the solution to problem (1—4) and (49) is of the form

on [t0, 11]

<0 on (1, 1] 63)

glx, 1) {

Generalization of the following analysis to any other switching
structure that starts with a constrained arc is straightforward. The
difficulty associated with the calculation of the Lagrange multiplier
vector at time £ in this case is that different results are obtained
depending on whether #, is considered the end of an (infinitesimally
short) unconstrained arc or the beginning of a constrained arc. These
differences are associated with the multiplier jump (57) at switching
points from unconstrained to constrained arcs.

If we consider #, as the end point of an infinitesimally short uncon-
strained arc, then the analysis of the preceding section is applicable
without changes and the same result (19) is obtained. Additional
care has to be taken only during the numerical implementation of
the schemes discussed in Secs. ILE and ILE. All perturbations (22)
and (23) have to be chosen such that the state constraint (49) remains
satisfied at the perturbed initial states and time, i.e.,

g[x'(4). 4] <o,

for all x*(#}), with £} as in Eq. (21). Clearly, for a scalar state con-
straint g(x, t) < 0 that is active at ¢, there are at most n linearly
independent perturbations in initial time and initial states such that
g remains zero at fy, and at least one out of the n + 1 perturba-
tions required to perform the multiplier calculation discussed in the
preceding section leads to g(x, t) < 0. The associated perturbed so-
lution then starts with a (short) unconstrained arc of nonzero length.

To calculate the Lagrange multipliers in the interior of a con-
strained arc (in this case #, is considered the beginning of a con-
strained arc) one can simply add the multiplier jump (57) to the
results obtained earlier for the Lagrange multiplier at the end of an
infinitesimally short unconstrained arc. This requires explicit knowl-
edge of the constant multiplier vector I € R?. A numerical method
for calculating I can be developed in the style of Sec. IV.C. This is
discussed in more detail in the next section.

It is interesting to note that another, more direct method for the
calculation of A(t(f) [the value of A(#y) at the beginning of the con-
strained arc] can be developed by exploiting the equivalence of con-
dition (51) and conditions (52) and (53). By enforcing initial states
such that the conditions (52) (with #; replaced by #,) are satisfied au-
tomatically, the jump onto the state constraint (49) is performed im-
plicitly through the problem formulation and satisfaction of the state
constraint g (x, t) = 0 on[fy, t,] can be enforced through the control
constraint (53) (with #; and #, replaced by # and #, respectively).

Explicitly, let £ € R” denote the initial state of the optimal solu-
tion to problem (1—4) and (49), i.e.,

£ =x"(1) (65)

i=1,...,n+1 (64)

Then define an auxiliary problem through conditions (1), (2), and
(4), the initial conditions

x(fp) =§ (66)
and the control constraint
clx,u,t) <0 67

where c is as defined in Eq. (55). Clearly, this auxiliary problem rep-
resents a control-constrained problem of the general form discussed
in Sec. III. The result (19) obtained in Sec. IIL.B can be easily shown
to hold also for the switching structure (63) with g(x, t) replaced
by c(x, u, t). {Here and in Eq. (67), it is tacitly assumed that the
optimal solution to the state constrained problem (1—4) and (49)
satisfies c(x,u, 1) = O on [, 1], c(x,u, 1) < Oon (#,t7]. An
extension of the results obtained in this section to the case where
the state constraint becomes active a second time (or even more
times) is straightforward but involves some tedious bookkeeping.}
Hence, a method for calculating the costate value A(I(T) for the state
constrained problem (1—4) and (49) is obtained by applying the
numerical scheme of Secs. 1L.E and IL.F to the control-constrained
problem (1), (2), (4), (66), and (67). It should be noted that this
scheme requires the explicit differentiation of the constraint func-
tion g(x, t) to determine the functions N (x, ¢) and c(x, u, t) defined
in Egs. (54) and (55).

D. Relation Between the Multiplier Vector I and Cost Sensitivities

To outline a method for the automatic calculation of the constant
multiplier vector I € R? associated with problem (1—4) and (49),
we assume again that the optimal solution has the switching struc-
ture (50). A generalization to other switching structures is straight-
forward as long as the optimal solution starts with an unconstrained
arc. In this context, solutions that start with a constrained arc can be
viewed as starting with an infinitesimally short unconstrained arc.
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We now consider problem (1—4) subject to the state constraint
q-1 B; .
gx, 1) — Z l—;(t -1) <0 (68)
i=0
where ¢} denotes the optimal switching time ¢, associated with the

solution to problem (1—4) and (49). For all 8 € R?, Eq. (68) repre-
sents a gth-order state inequality constraint, and for

B =0,

Equation (68) reduces to Eq. (49). We assume that for all g val-
ues within some neighborhood of Eq. (69), the optimal solution of
Eqgs. (1—4) and (68) has the switching structure (50). (Otherwise,
constraint (68) has to be changed appropriately along the intervals
(%, t:1) and (%, t£].) Then Eq. (68) can be divided equivalently into
the interior point constraint

Nix(t),nl=p (70)

and the control constraint on [#1, 2],

i=0,...,q—1 (69)

clx,u,t)=0 1)
where N and c are as in Egs. (54) and (55), respectively. To raise the
status of the parameters fq, ..., B, to that of states, we augment
the problem (1—4) and (68) through the state equations

by =0
: 72)
by_1 =0
and the initial conditions
bo(to) = fo
: 73)
by_i(ty) = B4
Then the state constraint (68) can be written in the form
g(x,t)—quf’%f—Q(t—t{‘)" <0 (74)

i=0

Clearly, for 8 given by Eq. (69), problem (1-4) and (68) is iden-
tical to problem (1-4) and (49). Hence the optimal solution x* to
problem (1-4) and (72-74) is identical to the optimal solution to
problem (1-4) and (49). Careful examination of the necessary con-
ditions for optimality shows that in this case also the costates A,
and the multipliers € R? are identical for both problems. Hence,
to calculate the multiplier vector I € R? associated with problem
(1-4) and (72-74), it suffices to calculate the multiplier vector / as-
sociated with problem (1—~4) and (72-74).We note that for the latter
problem the adjoint equations, transversality conditions, and jump
conditions for the costate vector A\, are given by

A =0
Aalt;) =0 (75)
(1) = (1) +1

This system can be integrated analytically to yield

Al = { 0 on  (1,1f] (76)
In particular, we find
I= - (1) (77

Hence, to determine [, we can equivalently calculate A, (fy). For this
task we can apply the numerical methods presented in Secs. ILE
and ILF.

Another helpful analytical relation that can be proven easily for
problem (1—4) and (49) is

ly = p(t) (78)

Here it is again assumed that the optimal switching structure is given
by Eq. (50), and u(¢) denotes the scalar multiplier function of time
introduced through the Kuhn—Tucker conditions (33-35).

If costate values are calculated for a sequence of initial times and
initial states that are marching along the reference solution in the
style described in Sec. ILF, then different values for I are obtained
depending on what time along the original reference solution is
chosen as the new initial time. Let L(¢) denote the so-obtained value
of [ as a function of the initial time ¢. Along the interval [, #;], the
components of L(¢t) stay constant and equal to the optimal multiplier
vector [ associated with the original problem (1—4) and (49). Along
[f2, tf], all components of L() stay equal zero, reflecting the fact
that the state constraint (68) and (69) is inactive for all times greater
than the current initial time, so that the cost sensitivity is zero with
respect to all components of 8. On the interval {1, £,], function L(¢)
changes with the initial time ¢, in general, and, through Eq. (78),
the first component Ly(t) of the vector function L(t) provides the
value of (¢) on the interval [#;, £;]. In summary, from the analysis
we find that

A on [t0, 11]
Lol® = {u(t) on [, 4] 7

VI. Numerical Implementation and Results
A. Direct Optimization Approach

As acentral element the schemes for automatic costate calculation
presented in this paper rely on a numerical method for calculating
near-optimal state histories. The numerical results presented here
are generated using the software package Trajectory Optimization
via Differential Inclusion (TODI).!! The underlying optimization
method resembles a collocation approach, however, it is based on a
differential inclusion representation for the dynamical system that
leads to the elimination of all control variables from the optimiza-
tion process. In principle, any other optimization code is applicable.
Because of its robust convergence behavior, however, this method
seems to be well suited to perform the recurrent calculation of ref-
erence solutions and perturbed solutions in unsupervised do-loops
without user intervention.

TODI generates approximations to the optimal states at a user
chosen grid along the time axis of, say, N nodes. A first iterate of
the Lagrange multipliers A(#) at these nodes is calculated based on
the analysis of Sec. II designed for arcs along which no constraints
are active. Then the correct value of the Lagrange multiplier A(¢)
along the arc with active state constraint is obtained by performing
the multiplier jump (57). The constant multiplier vector I that has
to be known to perform this step is calculated simultaneously with
Afee_based on the analysis presented in Sec. V.

B. Numerical Example: State Constrained
Brachistochrone Problem
Consider the problem

min 5 (80)
ue PWClt,ts]

subject to the equations of motion

x(t) = v(y) cos@(t)

81
y(&) =v(y) sin0(t) ®D
the boundary conditions
x(0) =0, x(ty) =1 )
y(©0) =0, y(ty) free

and the state constraint

y(t) —x(t) tany — hy <0 (83)
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Here, x and y are the state variables and 6 is the only control.
The quantity v denotes the velocity and is a short notation for
v = \/(vf, + 2gy). The quantities vy, g, ¥, and hy are constant.
For numerical calculations we use

vy = 1, g = 1‘ Y = 20, k() = 0.05 (84)

The state inequality constraint (83) being active along some nonzero
time interval [t, t,] € [ty, ¢¢] is equivalent to

yt) —x(h) tany —ho =0 (85)
and on [7, £,],
sinf@(t) —cosf(¢t) tany =0 (86)

The left-hand sides of Egs. (85) and (86) can be identified as N
and c in the general formulation presented in Sec. V.A and the state
constraint (83) is of order g = 1. Hence, for the present problem,
the multiplier vector I € R introduced in Egs. (57) and (58) is a
scalar and will henceforth be denoted by I,.
Following the general formulation presented in Secs. IL.B and
V.A, we obtain the costate equations
=0

. . (87)
Ay = =2y (g/v)cost — Ay(g/v)siné

These equations hold (for the present problem) in the same form for
free arcs and for constrained arcs.
Along unconstrained arcs the conditions (12) and (13) imply

[sin9}=_[xy] 1 88)
cos @ Ay m
and

n=>0 (89)
Along constrained arcs, the optimal control 6(¢) and the multiplier
function of time /i(¢) determined through the Kuhn-Tucker condi-
tions (33-35) are

0=y (90)

w=(A;siny — A, cosy)cosy on

The jump conditions (57) and (58) take the explicit form

Ax (lr) = Ax(tl_) + Iy - tany

92)
() =2() b1
H\+ = Hl|-=0 (93)
Here
H =), vcosf + A,vsind 94)

denotes the Hamiltonian defined in Eq. (10). The transversality con-
ditions (6-8) can be reduced to the simple form

A(t;) =0 (95)
Hl, = -1 (96)

through analytical elimination of the constant multiplier vectors v
and vy,

With respect to the state constraint (83), the optimal solution to
problem (80-84) has the switching structure

free—constrained—free 97

In general, the switching structure has to be determined through nu-
merical experiments using a trial and error approach. The associated
optimality conditions yield a MPBVP that is solved numerically us-
ing a shooting method.®~® The numerical solution of this MPBVP

T T T

10
t
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Fig.3 Costate A\, vs time .

is referred to as the exact optimal solution henceforth and is used
as a truth model for comparison with the suboptimal solutions ob-
tained with TODI through parameter optimization. In Figs. 1-6 the
exact optimal time histories of the states x and y, the costates A,
and A, the constraint ¢ = y — x tany — hy, and the multiplier u,
respectively, are represented as solid lines.

For the TODI approach a node density of 101 nodes is chosen.
As initial guesses

t=1 (98)

is used and all states are set equal zero throughout the 101 nodes,
ie.,

x/ =0, i=1,...,n, j=1,...,101 99)
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Fig. 6 Multiplier 2 and function L (defined in Sec. ILE) vs time £,

A guess for the switching structure does not have to be provided.
The near-optimal solutions for states x and y and the constraint ¢
at the 101 nodes is represented by circles in Figs. 1, 2, and 5 and is
seen to coincide well with the optimal variational solution.

Once the parameter optimal solution is obtained, it is frozen and
kept as the reference solution about which perturbed solutions are
generated as required by the analyses of Secs. ILE and ILF. The

obtained approximations for the Lagrange multipliers A, and A,
are shown in Figs. 3 and 4. In Fig. 6, the function Ly(¢) intro-
duced in Sec. V.D is superimposed with the multiplier function of
time w(t). The significance of Ly(z) is summarized in Eq. (79),
and the agreement with u(¢) on the interval [t,, ¢/] is seen to be
excellent.

It is important to note that user provided initial guesses are re-
quired only to generate the approximate state histories (indicated
by circles in Figs. 1 and 2). All other results are obtained simply by
running programs without user supervision.

VII. Summary and Conclusions

A finite difference approach for the automatic calculation of
costates is presented. The method exploits the relation between
the costates and certain sensitivities of the cost function. The com-
plete theoretical background for treating free, control-constrained,
interior-point-constrained, and statc-constrained optimal control
problems is presented. The numerical implementation relies on the
calculation of near optimal trajectories. In the present paper a differ-
ential inclusion based approach is employed for this task. In princi-
ple, however, any other direct optimization approach is applicable.

As anumerical example a state constrained Brachistochrone prob-
lem is solved, and the results are compared with the optimal solu-
tion obtained from a shooting method. The agreement is found to
be excellent.
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